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Abstract

This paper presents models that predict the

speedup of two cases that bound the possi-

ble topologies and migration rates of parallel

genetic algorithms (GAs). The �rst bound-

ing case is a parallel GA with completely iso-

lated demes or subpopulations and for this

case the model and the experiments show

that the speedup is not very signi�cant when

more demes are used. The second model pre-

dicts the speedup when each deme communi-

cates with every other deme using a maximal

migration rate. For this case, we show that

when the communication time is not constant

there is a combination of number of demes

and deme size that maximizes the speedup.

The models are validated with computational

experiments using functions of varying di�-

culty.

1 Introduction

Many claims have been made about the practical

bene�ts of parallel genetic algorithms. To quantify

these bene�ts we can compute the expected parallel

speedup, comparing a parallel GA with a simple GA

that �nds a solution of the same quality. This pa-

per presents models that predict the expected speedup

for two cases that bound the topologies and migration

rates of coarse-grained parallel GAs.

As a �rst step to compute the parallel speedup it is nec-

essary to compute the computational costs needed by

the serial and the parallel GAs to �nd a solution. The

computational cost is largely determined by the pop-

ulation size (Goldberg and Deb, 1991) and we build

on a previous study where Cant�u-Paz and Goldberg

(1997) derived population-sizing equations for the two

bounding cases considered in this paper.

The �rst bounding case is a completely isolated topol-

ogy where the demes do not communicate with each

other. This case is clearly a lower bound of the con-

nectivity of a topology and of the migration rate. The

second bounding model considers a fully connected

topology, where each deme communicates to all the

others, and the migration rate is set to a maximum

value. We recognize that users of parallel GAs use in-

termediate values for the connectivity and migration

rate, but these extreme cases serve as indicators of

the performance of parallel GAs. Additionally, if the

simpli�cations and assumptions used in this paper are

shown to be viable then the models can be specialized

later.

The second step to compute the parallel speedup is to

consider the time consumed by communications. To

this e�ect we use a general power-law model and show

that, under most circumstances, there exists an opti-

mal number of demes and an associated optimal deme

size that maximize the parallel speedup.

This study begins with a review of a few representa-

tive publications concerning speedups in parallel GAs.

Next, section 3 summarizes the models that predict

the population size of a simple GA, a parallel GA with

isolated demes, and a parallel GA with fully connected

demes. In section 4 the population-sizing models are

used to predict the speedup for the two bounding cases

of parallel GAs, and for each case computational ex-

periments are performed to test the models. Finally,

this paper ends with the conclusions of this work and

suggestions for further research.

2 Background

Several authors have reported gains in the time re-

quired to �nd a solution for particular problems with

parallel GAs. In this section we revisit some represen-



tative publications about speedups in parallel GAs. It

is not our intention to present a comprehensive review

of the area, but instead to highlight a few method-

ological considerations that are used constantly in the

literature. A more detailed overview of parallel GAs

can be found in (Cant�u-Paz, 1995).

Tanese initiated the systematic study of parallel GAs

with a set of experiments designed to test the e�ect of

the migration rate and the frequency of migrations on

the e�ciency of the algorithmand on the quality of the

solutions found (Tanese 1987; Tanese 1999a; Tanese

1989b). Her approach was to divide a �xed-sized pop-

ulation into some number of equally-sized demes and

her experiments show that \near-linear" speedups can

be obtained if migration occurs infrequently and the

migration rate is low.

An important methodological problem in Tanese's

study is that the questions of e�ciency (how fast is

the parallel GA?) and of the quality of the solution

are treated independently. The same method is fol-

lowed by many other researchers who study parallel

GAs. With this method, it should come as no surprise

that reports of linear or quasi-linear speedups appear

constantly.

Recently, Belding (1995) con�rmed Tanese's �ndings

using di�erent test functions. In addition, he shows

superlinear speedups for up to 32 processors for a par-

allel GA working on the Royal Road functions R1 and

R4. As in Tanese's study the quality of the solutions is

reported separately from the results on e�ciency, and

in the case of the superlinear speedup the quality is

not reported at all.

This paper distances itself from this traditional

methodology and studies together the problems of so-

lution quality and algorithm e�ciency. By integrating

the two notions of time and quality, the models pre-

sented in this paper reach di�erent conclusions than

most previous studies on parallel GAs.

We follow Goldberg, Deb, and Thierens (1993) and

restrict the notion of a building block (BB) to the

minimum-order schemata that contribute to the global

optimum. In this paper we use deceptive functions as

test cases for our models, and for a fully deceptive

function with deception length k, the BBs are the op-

timal schemata of length k. In this view the juxtapo-

sition of two BBs at a particular string does not lead

to a BB of length 2k, but instead to two separate BBs

of length k.

A primary assumption of this paper is that the com-

putation time is dominated by the time consumed in

evaluating the objective function. The GA compu-

tations (selection, crossover, and mutation) are rela-

tively simple and we ignore the computational e�ort

employed in them. Under this assumption the compu-

tation cost of a GA is proportional to the number of

function evaluations used.

Since the number of function evaluations is related di-

rectly to the population size, in order to determine the

computation time we need to �nd the population size

in the serial and parallel cases. In the next section we

summarize some recently-developed models for popu-

lation sizing.

3 Population sizing for serial and

parallel GAs

First, this section reviews a result by Harik, Cant�u-

Paz, Goldberg, and Miller (1997) that allows us to

calculate the population size needed by a serial GA to

�nd a solution of a certain quality. Next, we review

recent results for the population size required by the

two bounding cases of parallel GAs that are studied in

this paper.

3.1 Single-population GAs

To obtain a model of the quality of the solution of a

GA, Harik, Cant�u-Paz, Goldberg, and Miller (1997)

modeled the selection process in a GA as a one-

dimensional random walk. The model concentrates on

only one partition of length k and assumes that deci-

sions are independent across partitions. In the random

walk model the number of copies of the correct BB in

the partition is represented by the position, x, of a

particle on a one-dimensional space. Absorbing barri-

ers at x = 0 and x = n bound the space and represent

ultimate convergence to the wrong and to the right

solutions, respectively. The initial position of the par-

ticle, x

0

, is the expected number of copies of the best

BB in a randomly initialized population, that is equal

to x

0

= n=2

k

, where k is the order of the BB and n is

the population size.

At each step of the random walk there is a probabil-

ity, p, of getting one additional copy of the correct BB.

This probability is di�erent for every problem and rep-

resents the probability of deciding well between two

competing BBs. For functions composed by adding

several uniformly-scaled subfunctions, p was computed

by Goldberg, Deb, and Clark (1992) in their study of

population sizing as

p = N

 

d

p

2m

0

�

2

bb

!

;



where N denotes the cumulative distribution function

of a normal distribution with a mean of zero and a

standard distribution of one, d is the di�erence of the

�tness contribution between the best and the second

best schemata in the partition, m

0

= m � 1, m is the

number of subfunctions, and �

bb

is the average vari-

ance in the k-th order partition.

Using a well-known result from the randomwalk litera-

ture, the probability that the particle will be absorbed

ultimately at x = n, or equivalently the probability

that the GA will converge to the right solution is

P

bb

=

1�

�

q

p

�

n=2

k

1�

�

q

p

�

n

;

where q = 1�p is the probability of making the wrong

decision between two competing BBs. This probability

can be approximated as (Harik, Cant�u-Paz, Goldberg,

and Miller, 1997)

P

bb

� 1�

�

q

p

�

n=2

k

; (1)

because p is greater than q and n is greater than n=2

k

.

From this form of P

bb

it is straightforward to compute

the population size. Solving for n results in

n =

2

k

ln(1�

b

m

)

ln

�

q

p

�

; (2)

where b is the number of correct BBs desired in the

�nal solution and m is the total number of BBs in the

problem. We proceed now to review the calculation of

the population size for the �rst parallel case.

3.2 Isolated demes

The �rst bound for parallel GAs is when there is no

communication between the demes. If there is no com-

munication, then the migration rate is zero, and this

is clearly a lower bound. Likewise, using demes in

isolation is a lower bound on the connectivity of the

topology.

We use a framework set forth by Nakano, Davidor, and

Yamada (1994) and consider that the parallel GA suc-

ceeds when at least one of the demes �nds the solution

with the minimum required quality. The quality of a

solution is determined as the number of partitions that

converge to the correct BB.

To compute the overall probability of success, let P

m

be the probability that one deme converges to a solu-

tion with at least b partitions correct out ofm possible.

It follows that (1 � P

m

)

r

is the probability that none

of the demes succeeds (in the paper by Nakano, Davi-

dor, and Yamada (1994) the r stands for the number

of independent runs, and in this paper we use r to de-

note the number of demes). Thus, the overall success

probability for multiple demes is:

P

s

= 1� (1� P

m

)

r

: (3)

The number of partitions correct at each deme is a

random variable with a binomial distribution (since

we are assuming that each partition is independent

of the others). We use the probability of absorption

from the gambler's ruin problem as the probability P

bb

that one partition converges to the correct BB and

therefore, P

m

may be computed as P

m

= 1 � B(b)

where B denotes the cumulative distribution function

(CDF) of a binomial distribution with parameters m

and P

bb

.

It is di�cult to solve equation 3 for the population size

n that is required to achieve a solution of a minimum

quality. However, if we approximate the binomial dis-

tribution of P

m

with a normal distribution, we can use

a standard approximation for the normal distribution

and solve for n. The complete derivation is long and

cumbersome and is contained in (Cant�u-Paz and Gold-

berg, 1997). With this method we �nd that the deme

size needed to �nd a solution of a minimum quality

with isolated demes is approximately

n

d

=

2

k

ln(1� P

�

bb

)

ln(q=p)

; (4)

where P

�

bb

is the probability that in each deme a parti-

tion converges to the right value of the BB. For r = 1,

P

�

bb

is equal to b=m and the equation above is equiva-

lent to the single-population sizing equation. P

�

bb

de-

creases as more demes are used, so the deme size re-

quired by multiple isolated demes is smaller than the

population size required by a simple GA to �nd a so-

lution of the same quality. In section 4 we show how

this reduction in the average quality that is required

in each deme translates into savings in computational

time.

3.3 Fully connected demes with maximal

migration

The second bounding case for parallel GAs is where all

demes send migrants to all the other demes. In this

case, a fully connected topology represents an upper

bound on connectivity. We also bound the migration

rate with the highest possible value so that each deme



sends n=r individuals to every other. The model con-

siders that migration occurs once after all demes have

converged. After migration every deme resumes exe-

cution until it converges again.

The �rst step is to �nd the probability that one parti-

tion converges to the right BB. For this we use the

gambler's ruin model again, but we note that the

initial number of BBs is not x

0

= n=2

k

as in the

case of a randomly initialized population, but instead

x

0

= nP

bb

. Therefore, the probability that a partition

converges to the correct value after the second itera-

tion is found by computing

P

bb

2

= 1�

�

q

p

�

nP

bb

: (5)

The overall success criterion is the same as before (at

least one deme must �nd a solution with at least b out

of m BBs, see equation 3) and using the same method

as before, the deme size required by fully connected

demes can be approximated as (Cant�u-Paz and Gold-

berg, 1997):

n

d

=

p

�2

k

ln(1� P

�

bb

)

1�

q

p

: (6)

Comparing the equation above with equation 4 we see

that the deme size now depends on the square root

of 2

k

ln(1 � P

�

bb

), and so the expected gains in com-

putation time are much greater in the case with fully

connected demes than with isolated demes.

In the next section we compute the expected parallel

speedups using the deme sizing results reviewed above.

4 Parallel speedups

To measure the bene�t of using a parallel algorithmwe

can calculate the gain in execution time that results

from using multiple processors. This gain is usually

expressed in terms of the parallel speedup of the algo-

rithm.

In the GA community the topic of parallel speedups

has raised signi�cant controversy. Probably the main

reason is that the execution times of the serial and par-

allel GAs are compared without considering the qual-

ity of the solutions found in each case. This may give

an unfair advantage to the parallel GA, and it is clearly

not the best way to compare the two algorithms.

In general, to make a fair comparison between any se-

rial and parallel programs the two must give exactly

the same result, otherwise the comparison is meaning-

less. However, in the case of stochastic algorithms like

GAs, a fair comparison must be based on the expected

quality of convergence in the serial and parallel cases.

To this e�ect we use the models reviewed in the previ-

ous section as they predict the population size needed

to obtain on average a solution of the desired quality.

This paper considers the conventional de�nition of the

parallel speedup of an algorithm as the ratio of the

execution time of the best serial algorithm, T

s

, and the

execution time of the parallel program, T

p

(Almasi and

Gottlieb, 1994). Assuming that there is one processor

for every deme, the execution time in the parallel case

is the time needed by one deme to complete its tasks.

Therefore, T

p

is the sum of the time used by one deme

in computations (T

COMP

p

) and the time it used to

communicate information to its neighbors (T

COMM

1

),

so we can compute the speedup as

S

p

=

T

s

T

COMP

p

+ T

COMM

1

: (7)

Another cause for controversy on using the parallel

speedup to compare serial and parallel GAs is that

when the GA is parallelized (by using several inter-

connected demes, as we do) the result is an algorithm

that is very di�erent from the serial GA. The problem

is that the parallel speedup was intended originally to

compare the serial and the parallel versions of the same

algorithm. However, we believe that the ratio of the

execution times of the parallel and serial GAs is a use-

ful measure to compare the two di�erent algorithms.

We proceed to examine the expected speedup for the

�rst bounding case of isolated demes.

4.1 Isolated demes

Since in this case the communication time is null, it is

only necessary to determine the computation time for

the serial and parallel cases in order to compute the

expected speedup. As we mentioned before, we assume

that the computation time is dominated by the time

used in evaluating individuals, and the execution time

is proportional to the number of function evaluations.

In every generation, the GA evaluates n individuals

and the number of generations needed to reach con-

vergence may be assumed to be a domain-dependent

constant, g. Holding the quality constant in the serial

and parallel cases, the speedup for isolated demes can

be computed as

S

p

=

gn

gn

d

=

n

n

d

: (8)

Recall that the population size for the single-
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Figure 1: A deceptive 4-bit trap function of unity. The

horizontal axis is the number of bits set to 1 and the

vertical axis is the �tness value. The �rst test prob-

lem was constructed by concatenating 20 copies of this

function.

population GA is given by equation 2 and, when the

demes execute in isolation, the deme size n

d

is pre-

dicted by equation 4. Substituting these population

sizes into equation 8 and simplifying terms we obtain

a simple equation for the speedup

S

p

=

ln(1 �

b

m

)

ln(1� P

�

bb

)

: (9)

To test this result we experimented with two functions

of di�erent di�culty. All our experiments with parallel

GAs were performed on a network of RS/6000 work-

stations connected by a 10 Mbps Ethernet. The cre-

ation of demes and the communications between them

were handled using PVM 3.3.

Our �rst test function is formed by concatenating

m = 20 copies of a 4-bit trap function (see �gure 1).

For this function �

bb

= 1:215 and the di�erence be-

tween the optimal and the second best solution is

d = 1, therefore p = 0:5585. The experiments use

2-point crossover (with probability 1.0), binary tour-

nament selection and no mutation because the models

assume that the only source of diversity is the initial

random population.

For each deme count (r = 1:::16) we increased the

deme size until at least one of the demes found a so-

lution with at least 16 of the 20 BBs. At this point

we recorded the times used in computations. The re-

sults that we report are the average over 50 indepen-

dent runs. The theoretical predictions for the parallel

speedup along with the experimental results are plot-

ted in �gure 2 and it is evident from the �gure that

there is only a modest advantage in using more isolated

demes.

The second function used in the experiments is an 8-
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Figure 2: Projected and experimental speedups for a

4-bit trap function with 20 BBs using 1 to 16 isolated

demes. The thin line shows the experimental results

and the thick line is the theoretical prediction. The

quality demanded was 16 BBs correct.

bit trap function similar to the 4-bit trap used before.

The di�erence between the two best solutions is still

d = 1, but the variance is higher (�

bb

= 2:1804), this

causes the probability of deciding well to be smaller

(p = 0:5437) and therefore we expect that the GA

will need larger population sizes to �nd adequate so-

lutions for this function. The 8-bit trap problem has

longer BBs than the previous function and therefore

we chose 1-point crossover to avoid excessive disrup-

tion (the crossover probability is 1.0 as before). The

experiments continue to use binary tournament selec-

tion and no mutation. As with the �rst function, we

demand that the solutions have at least 16 BBs correct.

The experimental results are plotted in �gure 3 along

with the theoretical predictions for up to 16 demes.

The results for the 8-bit trap function are of the same

magnitude as for the previous function, and it appears

that the speedup for the case of isolated demes is not

very signi�cant.

4.2 Speedups with communication

We proceed to examine the case where there is com-

munication between the demes. To progress in the

analysis we must make some simplifying assumptions.

First, we assume that the number of demes in the par-

allel GA is equal to the number of processors available.

Also, we assume that the total communication time

has a general power-law form:

T

COMM

= Cr




;

where C and 
 are constants. The speci�c values of C
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Figure 3: Projected (thick line) and experimental

speedups (thin line) for a 8-bit trap function with 20

BBs using 1 to 16 isolated demes. The quality de-

manded was 16 BBs correct.

and 
 depend on the choice of topology and on the par-

ticular hardware that is used to implement the parallel

GA.

It is possible for the communications time to be a con-

stant (
 = 0) if the parallel GA is implemented on a

computer that has the hardware necessary to allow all

inter-deme communications to occur simultaneously.

For example, in a ring topology each deme communi-

cates only with one other deme and communications

may occur at the same time. However, as more compli-

cated topologies are implemented, this illusion of per-

fectly parallel communications disappears. The worst

case is when a fully connected topology is simulated on

multicomputer with a bus-based architecture. In that

case, the total communication time will be a quadratic

function of the number of demes (
 = 2), as all r

2

log-

ical links are accommodated on the bus.

The time that each deme uses to communicate is

T

COMM

1

= T

COMM

=r = Cr




0

, where 


0

= 
 � 1.

At this point we can make an important observa-

tion: note that as more demes are used the compu-

tation time decreases, because smaller deme sizes are

needed, but at the same time the communication time

increases monotonically with r. Therefore, as more

demes are added there is a tradeo� between decreas-

ing computation and increasing communication times.

This tradeo� entails the existence of an optimal num-

ber of demes that minimizes the parallel time and

maximizes the speedup. Note that the tradeo� be-

tween computation and communication times exists

only when 
 > 0. If the communication cost is a

constant, then there is no optimal number of demes

and performance improves (but only slightly) as more

demes are used.

We proceed in our analysis and calculate the optimal

number of demes for the more common case where the

communication cost is not constant. Using the general

model for communications, the parallel time can be

expressed as:

T

p

= T

COMP

p

+ Cr




0

: (10)

To optimize the parallel time, we set

�T

p

�r

to zero and

solve to obtain the optimal number of demes. Unfortu-

nately, the derivative cannot be solved analytically for

r and to make progress in the optimization of speedups

we need to characterize the parallel computation time

with a simpler expression.

We observed that plotting the parallel deme size

against the number of demes on a log-log scale results

in an almost straight line, which means that the deme

size can be approximated closely with a general power-

law equation: n = Ar

B

, where A and B are constants.

We obtain the value of B as

B =

ln(n

1

=n

2

)

ln r

1

=r

2

;

where r

1

and r

2

are two deme counts, and n

1

and

n

2

are the corresponding parallel population sizes (ob-

tained using equation 6). The value for A can be ob-

tained directly as A =

n

r

B

:

With this characterization of the parallel deme size we

can now approximate the optimal number of demes

using T

COMP

p

= gn = gAr

B

and setting the derivative

of equation 10 to zero. Solving for r,

r

�

=

�

�

gAB




0

C

�

1




0

�B

; (11)

and we can approximate the optimal deme size as

n

�

= Ar

�B

: (12)

We performed experiments to validate the models of

this section using the same test functions of the previ-

ous section. We show in �gures 4 and 5 the predictions

and the experimental results of the parallel speedups

using 4- and 8-bit trap functions, respectively. The

parameters for the GAs were the same as for the ex-

periments with isolated demes and we follow the same

experimental procedure, except that in this case we

record the time used in computation and also the time

used in communications.

Both the predictions and the experimental results

show the existence of an optimal speedup at approxi-

mately the same number of demes. Note that for the
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Figure 4: Projected and experimental speedups for a

4-bit trap function with 20 BBs using 1 to 16 fully

connected demes. The quality demanded was 16 BBs

correct. The thick line is the theoretical prediction

and the thin line is the experimental results.

4-bit trap function, the speedup is less than one for

several deme counts, in e�ect this means that the par-

allel algorithm takes more time to �nish than the serial

GA. This occurs because our implementation has very

expensive communications and because the 4-bit prob-

lem can be solved with a relatively small population,

so that the savings on computation costs are too small

to compensate for the rapidly increasing communica-

tions costs.

In the case of the 8-bit trap function the magnitude

of the speedups is always greater than one. In fact,

the parallel algorithm shows a signi�cant advantage

over the serial GA, even in our implementation with

expensive communications. For this function the deme

sizes required to �nd a solution with at least 16 BBs are

much larger than for the 4-bit function, and the savings

on the computation cost are enough to compensate for

the expensive communications.

5 Conclusions and future work

This paper presents two models for bounding cases of

the topology and the migration rate of parallel GAs.

The models depart from the usual practice and inte-

grate the notions of the quality of the solution and the

time required to �nd it.

The �rst result of our analysis is that the speedup is

very modest when there is no communication between

the demes. This result may seem counterintuitive if

one only considers the savings on computation time

that are achieved when a single large population is

partitioned into many small demes, but that the qual-

5 10 15 20
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4
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8

Speedup

Figure 5: Projected (thick line) and experimental (thin

line) speedups for a 8-bit trap function with 20 BBs

using 1 to 16 fully connected demes. The quality de-

manded was 16 BBs correct.

ity of the solution degrades rapidly as smaller demes

are used.

The second result of the paper shows the existence

of an optimal number of demes (and a corresponding

optimal deme size) that minimizes the expected exe-

cution time when the communication cost is variable.

Our analysis provides a simple and accurate method

to compute these optimal values.

Moreover, the formulas for the optimal deme size and

deme count can be adjusted to consider particular im-

plementations and to predict the e�ect of improve-

ments in hardware or software in the e�ciency of par-

allel GAs. With these tools it is possible to guide the

developer to those aspects of the implementation that

will make a greater impact on performance.

There is an important question that arises from the

two conclusions of the paper: how is it possible to get

greater speedups when more processors are available?

The problem is that using more isolated demes only

improves slightly the execution time, and adding more

demes to an optimal-sized set of communicating demes

results in a performance loss. A possible solution is to

\hybridize" the parallel GA and distribute the evalua-

tion of the subpopulations among multiple processors.

Another alternative to get greater speedups is to use

tightly connected clusters of subpopulations as a sin-

gle deme and exchange individuals occasionally across

the clusters.

In this paper we bound the expected speedups of par-

allel GAs with the analysis of two cases that bound

the ranges of possible topologies and migration rates.

However, we recognize that this work may be more ap-



pealing to practitioners if the analysis is specialized to

predict the expected speedups using other topologies

and reduced migration rates. Work is already under-

way to construct models for those cases.
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